Abstract. The well-separated pair decomposition (WSPD) of the complete Euclidean graph defined on points in R 2 (Callahan and Kosaraju [JACM, 42 (1): 67-90, 1995]) is a technique for partitioning the edges of the complete graph based on length into a linear number of sets. Among the many different applications of WSPDs, Callahan and Kosaraju proved that the sparse subgraph that results by selecting an arbitrary edge from each set (called WSPD-spanner) is a 1 + 8/(s − 4)-spanner, where s > 4 is the separation ratio used for partitioning the edges. Although competitive local-routing strategies exist for various spanners such as Yao-graphs, Θ-graphs, and variants of Delaunay graphs, few local-routing strategies are known for any WSPD-spanner. Our main contribution is a local-routing algorithm with a near-optimal competitive routing ratio of 1 + O(1/s) on a WSPD-spanner. Specifically, we present a 2-local and a 1-local routing algorithm on a WSPD-spanner with competitive routing ratios of 1 + 6/(s − 2) + 4/s and 1 + 6/(s − 2) + 6/s + 4/(s 2 − 2s) + 8/s 2 , respectively.
Introduction
A fundamental problem in networking is the routing of a message from one vertex to another in a graph. Because network resources are limited, it is often desirable that routing algorithms use as little memory as possible. At one extreme in this direction are local routing algorithms in which the routing algorithm must choose the next vertex to forward a message to based solely on knowledge of the destination vertex, the current vertex and some information about all vertices directly connected to the current vertex. When local routing is not possible, it is still desirable that a routing algorithm use little memory.
In many settings it is natural to model a network as a geometric graph, that is, a graph whose vertices are points and each edge is a line-segment whose weight is the Euclidean distance between its two endpoints. For example, geometric routing algorithms are important in wireless sensor networks (see [11] for a survey of the area) since routing strategies can take advantage of the fact that nodes in these networks have physical locations that can be used to help guide a packet to its destination.
A geometric routing strategy is said to be competitive if the length of the path found by the routing strategy is not more than a constant times the Euclidean distance between its endpoints. This constant is called the routing ratio. In order to find a competitive path between any two vertices of a graph, such a path must first exist. Graphs that meet this criterion are called (geometric) spanners. Formally, given a geometric graph G, the distance, d G (u, v) , between two vertices u and v in G is the sum of the weights of the edges in the shortest path between u and v in G. G is a t-spanner if for all pairs of vertices u and
Here |uv| denotes the Euclidean distance between u and v. The smallest value t for which G is a t-spanner is the spanning ratio or stretch factor of G. A family of graphs that are t-spanners, for some fixed constant t, are often referred to as simply spanners. Spanners have been extensively studied-for a detailed overview of results on geometric spanners, see [12] .
Geometric spanners tend to fall into three categories: (i) Long-known geometric graphs that happen to be spanners, such as Delaunay triangulations; (ii) cone-based constructions, such as Keil's θ-graphs [10]; and (iii) well-separated pair decomposition (WSPD) based constructions introduced by Callaghan and Kosaraju [6] in the early '90s. Note that graphs in the first category have fixed worst-case spanning ratios bounded away from 1. Constructions in the second and third categories are designed for a given parameter. They can achieve spanning ratios arbitrarily close to 1 by choosing arbitrarily small values for this parameter. Significant work has gone into finding competitive local and lowmemory routing algorithms for graphs in the first category, including Delaunay graphs (classical-, L 1 -, L ∞ -, and TD-Delaunay triangulations) [7, 4, 1, 3] . In most cases, proving tight results about graphs in this category is difficult. For example, even the exact worst-case spanning ratio of the Delaunay triangulation is unknown, despite over 30 years of study [8, 10, 2, 13] .
For the second category-cone-based spanners-competitive local routing algorithms are usually trivial. These spanners are designed so that greedy choices produce paths of low stretch. Still, for certain cone-based spanners, there have been some refined results on competitive routing algorithms that produce exceptionally low competitive ratios. For example, Bose et al [3] present a routing algorithm for the Half-θ 6 -graph with a competitive ratio of 2.887.
In this paper, we consider routing algorithms for the third category: WSPDbased spanners. Intuitively, a WSPD of a pointset is a partition of the edges of the complete geometric graph (on that pointset) such that all edges in the same partition are approximately of equal length.
3 Since its introduction by Callahan and Kosaraju [6] in early the '90s, the WSPD and WSPD-based spanners have found a plethora of applications in solving distance problems [12] . The main difficulty about local routing in these spanners stems from the fact that WSPD-spanners are based on WSPDs which are built globally and capture
